The hydrodynamics equations of binary mixtures of Bose gases, Fermi gases, and mixtures of Bose and Fermi gases in the presence of external potentials are derived. These equations can be applied to current experiments on mixtures of atomic gases confined in magnetic traps.
condensed phase should be a spinor field instead of a scalar field. However, in a magnetic trap, only the spin states locally aligned with the magnetic field B(r) are trapped [9] . The resulting quantum gas therefore has the spin field "frozen" along the local field, leaving particle motion as the only degree of freedom. As a result, the spin field reduces to a scalar. On the other hand, even though the spin field is frozen, the spinor nature is not completely erased. In a recent paper [9] , we have shown that the spatial variations of the spin field will give rise to a Berry phase which can lead to a number of dramatic effects. While the Berry phase effects in current traps are small, they can be magnified by changing the geometry of the trap. For simplicity, we shall only consider those traps where the Berry phase effects are negligible. One should, however, keep in mind that the hydrodynamics equations derived here are limited to traps of this kind.
Since both scalar Bose superfluids and s-wave Fermion superfluids have identical broken U(1) gauge symmetry, and since the hydrodynamics of a system depends entirely on the nature of its broken symmetry, the hydrodynamic equations of these two systems are identical. The hydrodynamics of binary mixtures of quantum gases (which can be either Fermions or Bosons) therefore fall in three categories, namely, mixtures of superfluids, mixtures consisting of a normal fluid and a superfluid, and mixtures of normal fluids. The superfluids can be the scalar condensates of Bosons or the s-wave BCS condensates of Fermions. The normal fluid can be the either Bosons or Fermions in their normal state.
Among all the cases considered, the hydrodynamics of binary superfluid mixtures in a trap is the most complex. We shall focus on this case. As we shall see, once we derive the hydrodynamic equations for this system, extensions to other mixtures is easy. For a binary mixture of Bosons, in general, there will be regions in the trap where the two species coexist and regions where there is no coexistence. Furthermore, in the region of coexistence, each Boson species may be in their normal or superfluid states. Since the hydrodynamic modes in each of different regions are connected to one another, not only does one need to know the hydrodynamic equations of interpenetrating superfluids, but also those of the surrounding mixtures of normal and superfluids.
The organization of this paper is as follows. In Section I, we will discuss the hydrodynamic variables of binary mixtures of scalar superfluids and their Galilean transformation properties. The hydrodynamic equations for this system of interpenetrating scalar superfluids will be derived in Section II. The explicit form of the hydrodynamic equations (with and without dissipation) will be presented. Section III is a summary of the hydrodynamic equations for other mixture systems.
I : The hydrodynamic variables of a binary superfluid mixtures, conservation laws, and their Galilean transformation properties :
Before studying hydrodynamics, it is necessary to study the equilibrium thermodynamics of homogeneous systems, which is described by the entropy function S. S is a function of a set of thermodynamic variables {X i }, which are quantities specifying the physical state of the system, S = S({X i }). To study binary mixtures, it is useful to consider the entropy functions of the following sequence of systems with increasing complexity : (i) Single component normal fluids : In this case, {X i } = (E, P, N, V ), S = S(E, P, N, V ), where E, P, N and V are the total energy, momentum, particle number and volume of the system respectively. The meaning of E, P and V will remain unchanged in the following examples (ii) to (v).
(ii) Binary mixtures of normal fluids : Each component in the mixture can be either a Boson or a Fermion. In this case S = S(E, P, N 1 , N 2 , V ), where N 1 and N 2 are the particle numbers of the two normal fluids labelled as 1 and 2 respectively. The reason that S is a function of N 1 and N 2 but not a function separate momenta P 1 and P 2 is because while Boson 1 does not turn into Boson 2, they can exchange momenta through particle collisions. As a result, the equilibrium state of the system is characterised by a single momentum. (iii) Single component scalar superfluid : This is the well known case of 4 He. The system now acquires a broken gauge symmetry <ψ(r) >= | <ψ(r) > |e iθ(r) , whereψ is the field operator. In this case, S = S(E, P, N, V ; v s ), where v s = (h/m)∇θ is the superfluid velocity describing the phase winding in the system, and m is the mass of the Boson. (iv) Binary mixtures consisting of a scalar superfluid and a normal fluid : Denoting the superfluid and the normal fluid components as 1 and 2 respectively, we have for this case S = S(E, P, N 1 , N 2 , V ; v s1 ). The reason that S is a function of total momentum P instead of separate momenta P 1 and P 2 is the same as that for normal fluid mixtures. (v) Binary mixtures of superfluids : We denote the two superfluids as 1 and 2, and their masses by m 1 and m 2 respectively. From the discussion in cases (i) to (iv) above, we have
with
From this point onwards, we shall consider only case (v). The hydrodynamic equations of cases (i) to (iv) can be obtained from the equations derived for case (v) by setting the appropriate superfluid densities (defined below) to zero. (See section (III)).
The extensive property of S implies
where s = S/V , ǫ = E/V , g = P/V are the entropy density, the energy density, the momentum density, and ρ α = m α N α /V is the mass density of the species labelled α in the mixture, (α = 1, 2). The arguments {ǫ, g, ρ α , v sα } of the entropy density s will be referred to as the "hydrodynamic variables" of the system, {x i }. Defining temperature T , chemical potential (per unit mass) µ α , "normal fluid velocity" v n , and the vector b α as ∂s/∂ǫ ≡ 1/T, ∂s/∂ρ α ≡ −µ α /T, ∂s/∂g ≡ −v n /T , and ∂s/∂v sα ≡ −b α /T respectively, we can write
Defining the pressure as P = T (∂S/∂V ) E,P,N , and using the extensivity relation given by Eq. (3), we have
and the Gibbs-Duham relation
which shows the pressure is a function of the intensive variables (T, µ α , v n , v sα ). In analogy to binary mixtures of classical fluids, it is useful to introduce the concentration variable
where ρ = ρ 1 + ρ 2 . If we define
then Eq. (4) can be written as
Likewise, Eq. (5) can be written as
while the Gibbs-Duham relation can be cast in the form
The Galilean transformation properties of the hydrodynamic variables : As we shall see, the derivation of the hydrodynamic equations can be simplified by using the Galilean transformation (GT) properties of the hydrodynamic variables X i and their derivatives ∂S/∂X i . A Galilean transformation is a space-time transformation (r → r ′ = r + ut, t → t ′ = t), where u is the relative velocity of the two inertial frames. Under this transformation, a scalar function F of r and t will change to F ′ , which is a function of r ′ and t ′ . In particular, we have
and
While the validity of Eqs. (13) and (14) is easy to see, Eq.(15) follows from the Galilean transformation properties of the field operator of the species α,
The phase θ α of <ψ α (r, t) > transforms as
hence Eq.(15), which says that v s indeed transforms like a velocity field. Finally, we also note that the momentum density of the species α, written as g α , transforms as
Since the entropy involves counting of states, it is a Galilean invariant; we then have
Differentiating both sides of Eq.(19) with respect to ǫ and v sα , we find that both T and b α are Galilean invariant,
Differentiating both sides of Eq.(19) with respect to g and ρ α , we get
This shows that v n also transforms like a velocity field. Finally, differentiating Eq.(19) with respect to u at u = 0 gives
where the superscript 0 refers to quantities evaluated in the v n = 0 frame. From Eq.(21), we then have
and from Eqs. (13), (14), and (21), it is easy to see that the pressure P is a Galilean invariant and can also be written as
Rotational symmetry : Under an infinitesimal rotation a, a vector such as g changes to g + a × g. Since entropy of the system is invariant under such a rotation, we have
Differentiating both sides with respect to a, we have 
where ρ s1 , ρ s2 , andρ are parameters which will be referred to as superfluid densities. With this parameterization, using Eq.(22), we have
where ρ n will be refered to as the normal fluid density. For later discussions, it is convenient to define the "diffusion" current J D as
Using the above definition of J D , g α can be written as
where the normal density of the species α , ρ nα is defined as
From Eqs.(31) and (32), it is clear that theρ term describes the backflow created by one superf luid component on the other in the mixture.
Continuity equations and symmetry relations : The time evolution of the hydrodynamic variables {x i } are governed by continuity equations and conservation laws, which are
where χ α = −h m ∂ t θ α , and φ 1 and φ 2 are the external potential experienced by Bosons 1 and 2 respectively, Eqs.(34) to (36) are continuity equations for density, momentum and energy respectively. Π ij is the stress tensor and Q is the energy current. An argument of Martin et al., shows that Π ij can always be taken to be a symmetric tensor [10] . The quantities {Q, Π ij , g α , χ α } ≡ {J i }, referred to as "currents", control the flow of the hydrodynamic variables {x i }.
To complete the hydrodynamic description, we need to express the currents {J i } in terms of the hydrodynamic variables {x i } so as to form a closed set of equations. As explained in the next section, this can be done by studying the entropy production of the system. The derivation can be simplified considerably by using the Galilean transformation properties of {J i }. By noting that the partial derivatives ∂ t and ∇ transform as ∂ t → ∂ t ′ = ∂ t − u · ∇, and ∇ → ∇ ′ = ∇ under a Galilean transformation, we have
For example, Eq. (40) is obtained by noting χ
Using these properties, we can write Eqs.(38) to (40) as
For later use, we note that
II. Derivation of the hydrodynamic equations for binary mixtures of scalar superfluids : According to the second law of thermodynamics, the entropy production of the system must be positive, 
Evaluating Eq.(47) in the v n = 0 frame, we have
Using Eq. (24), and Eqs. (44) to (46), Eq.(48) can be written as
By noting that ∂ t s + ∇ · (sv n )= (∂ t s) 0 + s∇ · v n is Galilean invariant and using Eq.(30), Eq.(49) can be written as
where
The determination of the "currents" {J i } = {Q, Π ij , g α , χ α } now reduces to the determination of their "dissipative" components {J
Introducting R 1 and R 2 defined below, Eq.(47) becomes
The right hand side of Eq.(55) expresses the entropy generated at r by the "external forces"
} are responses to the disturbances {f i } as the system tries to relax to equilibrium. In the linear response limit, {J D i } is linear in {f i }, and R becomes a quadratic form in the forces, which must be positive in order to satisfy the second law of thermodynamics. Once the relations between the dissipative currents {J D i } and the driving forces {f i } are determined, the hydrodynamic equations, given by Eqs.(34) to (37) will form a closed set. Using Eqs. (31) and (32) 
I.
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where we have replaced the energy equation Eq.(36) by the entropy equation Eq.(64). For hydrodynamic processes with weak dissipation, the dissipative currents J D , Π D , χ D , Q D can be ignored and the resulting equations I to IV above will be referred to as "dissipation-free" hydrodynamic equations. For dissipative processes, however, it is necessary to determine the explicit form of the dissipative currents.
Determination of dissipative currents : Note that the forces in R 1 and R 2 (eq.(56) and Eq.(57) ) have different parity and time reversal symmetries. As a result, the currents (χ α , Π 
which allows R 1 to be expressed as
Linear response implies
where η will be referred to as the "first" viscosity, and ζ ij as the "second" viscosity matrix.
The fact that ζ ij is symmetric is a consequence of the general Onsager relations for kinetic coefficients. More explicitly, we have
Recall from Eq.(27) that
). Clearly, in order to have R 1 ≥ 0, we need to have η > 0, and det|ζ| ≥ 0.
To find the dissipative currents Q D and J D , we note that the expression for R 2 is identical to the entropy production of a classical binary mixture [11] . The expressions of these currents are therefore identical to those of classical fluids and are of the form
where we have again used the Onsager relation to identify the off-diagonal kinetic coefficients in Eqs.(71) and (72). Eq.(57) then becomes
where While we shall not be solving the hydrodynamic equations here, we remind the readers that the sound modes of the system are contained in the so-called linearized hydrodynamic equations, which are obtained by linearizing Eqs.(58) to (64) about the equilibrium configuration. In the single component superfluid case, Landau [6] has pointed out that it is useful to express all the hydrodynamic variables in terms of externally controllable quantities such as temperature T and pressure P . (Also see reference [8] ). In the mixture case, there is another controllable quantity, which is the concentration c = ρ 1 /ρ defined earlier in Section I. Expressing J D and Q D in terms of T, P and c as in Landau and Lifshitz [11] , we have
where κ, D, k T , k P are the thermal conductivity, the diffusion coefficient, the coefficient of thermal diffusion, and the coefficient of baro-diffusion respectively; they can be written as
ρDk T /T = α ∂ν ∂T P,c + β, ρDk P /P = α ∂ν ∂P T,c .
Using the relations above, the full expression for entropy production is Acknowledgement : This work is support in part by NSF Grant DMR-9705295.
